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Abstract
Let μM,D be a self-affine measure associated with an expanding integer matrix M ∈ Mn(Z) and a finite
subset D ⊂ Zn. In the present paper we study the μM,D-orthogonality and compatible pair conditions as
well as relations between them. The research here is based on the structure of vanishing sums of roots
of unity, and is closely related to the problem of spectral self-affine measure.
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1. Introduction
Let M ∈ Mn(Z) be an expanding (i.e., all the eigenvalues of M have moduli > 1) integer
matrix, and let D ⊂ Zn be a finite subset of cardinality |D|. We know in the theory of self-affine
tiles that a necessary condition for the attractor T := T (M,D) of the iterated function system
(IFS) {φd(x) = M−1(x + d)}d∈D to have positive Lebesgue measure is |D| |det(M)|. Usually
the case |D| = |det(M)| is discussed. Associated with IFS {φd(x)}d∈D , there exists a unique




μ ◦ φ−1d . (1.1)
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of the cardinality |S| = |D|. Corresponding to the dual IFS {ψs(x) = M∗x + s}s∈S , we use





M∗j sj : k  1 and sj ∈ S
}
, (1.2)
where M∗ is the transposed conjugate matrix of M . Recall that for a probability measure μ of
compact support on Rn, we call μ a spectral measure if there exists a discrete set Λ ⊂ Rn such
that EΛ := {e2πi〈λ,x〉: λ ∈ Λ} forms an orthogonal basis for L2(μ). The set Λ is then called
a spectrum for μ. Spectral measure is a natural generalization of spectral set introduced by
Fuglede [4] whose famous conjecture and its related problems have received much attention in
the recent years (see [9,13]).
In the study of spectral self-affine measure, one need to consider the following question:
Under what conditions is EΛ(M,S) an orthogonal basis for L2(μM,D)?
Jorgensen and Pedersen [5], Strichartz [16,17], Łaba and Wang [8], and Li [13, Section 3.3]
obtained certain conditions on the question. In particularly, Łaba and Wang [8, Theorem 1.3]
established a necessary and sufficient condition which gives an answer to the question in the
dimension one (see also [13, Corollary 3.3.5]). The recent results of [3, Theorem 8.4], [1, The-
orem 3.8] also provide certain sufficient conditions to guarantee that EΛ(M,S) is an orthogonal
basis for L2(μM,D). In all these research, we know that the cardinality |D| = |S|  |det(M)|
is assumed or implied in the indispensable condition that (M−1D,S) is a compatible pair. The
relation between the cardinality |D| (= |S|) and |det(M)| seems to be subtle. The recent work
of Dutkay and Jorgensen [2] only considered this relation in the special case when M = pId
with p ∈ Z, p  2 and D = {0, e1, . . . , ed}, where Id is an d × d identity matrix and ek are the
canonical vectors ek = (0, . . . ,0,1,0, . . . ,0)T with 1 in the kth position. However it will be seen
from our discussion that for any expanding integer matrix M , the cardinality |D| cannot be too
small, for example, |D| cannot be less than the smallest prime divisor of |det(M)| in order to
guarantee that EΛ(M,S) is orthogonal in L2(μM,D).
In the present paper we study the μM,D-orthogonality and compatible pair conditions as well
as relations between them. The main results are the following.
(i) A necessary condition connected with the cardinality |D| and |det(M)| = pb11 pb22 · · ·pbrr
(prime factorization) is obtained for EΛ to be orthogonal in L2(μM,D) and for (M−1D,S)
to be a compatible pair (Theorems 1 and 2). This necessary condition is extremal useful in the
case when |det(M)| is a prime, for |D| < |det(M)| is not happened, and we have established
a necessary and sufficient condition for the above question in the case when |D| = |det(M)|.
Thus we give an answer to the question in the case when |det(M)| is a prime.
(ii) Under certain conditions, we show that the orthogonality of EΛ(M,S) in L2(μM,D) also
implies that (M−1D,S) is a compatible pair. In particular, the μM,D-orthogonality of finite
set ES implies that EΛ(M,S) is orthogonal in L2(μM,D) (Theorems 3 and 3′).
The research here is based on the structure of vanishing sums of roots of unity, and is closely
related to the above question.
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We first consider the μM,D-orthogonality and compatible pair conditions. The main point is
to write them as certain vanishing sums of roots of unity.
2.1. Conditions for the orthogonality of EΛ in L2(μM,D)
Suppose that there is a set Λ ⊂ Rn,Λ − Λ ⊆ Zn, such that EΛ is orthogonal in L2(μM,D).








e2πi〈λ2−λ1,x〉 dμM,D = μˆM,D(λ1 − λ2) = 0, (2.1)





















e−2πi〈M−kd,λ〉 = 0, (2.2)
where λ = λ1 − λ2 ∈ Zn \ {0}.





mk = 0. (2.3)
The right-hand side of (2.3) is a sum of mk th roots of unity.
2.2. Conditions for the compatible pair
Recall that two finite subsets B and L of cardinality q in Rn form a compatible pair (B,L),






is unitary, i.e., HB,LH ∗B,L = Iq . It is known that the conception of compatible pair plays an
important role in the study of spectral self-affine measure. Here we consider it as a vanishing
sum of roots of unity.
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(M−1D,S) is a compatible pair. Then from the definition, for any distinct s1, s2 ∈ S,





e−2πi〈M−1d,s1−s2〉 = 0, (2.4)





m = 0, (2.5)
where s = s1 − s2 ∈ Zn \ {0}.
In the compatible pair (M−1D,S), we only need that M ∈ Mn(Z) with |det(M)| = m > 1.
If M ∈ Mn(Z) is expanding, then the compatible pair condition implies the orthogonality
of EΛ(M,S) in L2(μM,D) (see [5]).
The discussions in Sections 2.1 and 2.2 are also sufficient, and lead to certain vanishing sums
of roots of unity. Thus our question is related to the structure of the discrete additive group of
integer relations among the mk th roots of unity, where m = |det(M)|.
3. A necessary condition for orthogonality and compatible pair
For a given positive integer m, define W(m) to be the set of non-negative integers k for which
there exist mth roots of unity α1, α2, . . . , αk ∈ C such that α1 + α2 + · · · + αk = 0 (such an
equation is said to be a vanishing sum of mth roots of unity of weight k). If m has the standard
prime factorization pb11 p
b2
2 · · ·pbrr , where bj > 0,p1 < p2 < · · · < pr are primes, then W(m)
contains each pj , arising from the sum 1 + ω + · · · + ωpj−1 = 0, where ω is a primitive pj th
root of unity, and therefore it also contains any linear combination of p1,p2, . . . , pr with non-
negative integer coefficients. Actually Lam and Leung [11] proved that




kjpj : kj ∈ N0
}
, (3.1)
where N0 denotes the set of all non-negative integers. It follows from (3.1) that W(m) depends
only on the prime divisor of m, and not on the multiplicities to which they occur in the factor-
ization of m. Also any (nonempty) vanishing sum of mth roots of unity must have weight  p1,
where p1 is the smallest prime divisor of m.
The following lemma is based on the above observation.
Lemma 1. Let M ∈ Mn(Z) be an integer matrix with |det(M)| = m > 1. Suppose that m has
prime factorization pb11 pb22 · · ·pbrr (bj > 0). If D ⊂ Zn is a finite subset with |D| /∈ W(m), where
W(m) is given by (3.1), then for each positive integer k,mM−kD(t) 
= 0 on Zn \ {0}.









632 J.-L. Li / Journal of Functional Analysis 244 (2007) 628–638which shows |D| ∈ W(mk). Since W(mk) = W(m) = N0p1 + N0p2 + · · · + N0pr , we have
|D| ∈ W(m), a contradiction. This proves lemma. 
Combining the discussion in Section 2.1 with Lemma 1, we get the following.
Theorem 1. Let M ∈ Mn(Z) be an expanding integer matrix such that |det(M)| = m admits
the prime factorization pb11 pb22 · · ·pbrr (bj > 0). Suppose that D ⊂ Zn is a finite subset with|D| /∈ W(m), where W(m) is given by (3.1). If Λ ⊂ Rn contains at least two elements and sat-
isfies Λ − Λ ⊆ Zn, then EΛ is not orthogonal in L2(μM,D). In particular, for any finite subset
S ⊂ Zn,EΛ(M,S) cannot be orthogonal in L2(μM,D).
Combining the discussion in Section 2.2 with Lemma 1, we get the following.
Theorem 2. Let M ∈ Mn(Z) be an integer matrix with |det(M)| = m > 1 and let W(m) be
defined as above. If D ⊂ Zn is a finite subset with |D| /∈ W(m), then there is no finite subset
S ⊂ Zn with |S| > 1 such that (M−1D,S) is a compatible pair.
Note that W(m) contains large number of non-negative integers, for example, if 6 | m, then
W(m) contains all non-negative integers 
= 1. Under the condition |D| ∈ W(m), how to choose
the elements of D in Zn is still an open problem for the study of spectral self-affine mea-
sure μM,D . Up to now, the best known choice of D is to let D ⊆ G, where G is a complete residue
system (mod M). However, there are some other cases, for example, M = [3] and D = {0, l,2l}
(l ∈ 3Z \ {0}), D is not a complete residue system (mod 3) but EΛ with Λ = l−1Z is an orthogo-
nal basis for L2(μM,D), i.e., μM,D is a spectral measure. Also see examples in the next section.
This makes the problem more complicated. Even so, the above theorems provide a necessary
condition for EΛ to be orthogonal in L2(μM,D) and for (M−1D,S) to be a compatible pair.
This condition depends mainly on |det(M)| and |D|, and is easy to check. One can compare this
necessary condition with that given in [2, Theorem 3.1]. It should be pointed out that this neces-
sary condition is extremal useful in the case when |det(M)| is a prime, for |D| < |det(M)| is not
happened, and in the case when |D| = |det(M)| we have established a necessary and sufficient
condition for EΛ(M,S) to be an orthogonal basis in L2(μM,D) [13, Theorem 3.3.8]. Therefore, in
the case when |det(M)| is a prime we give an answer to the question mentioned in the introduc-
tion.


















since |det(M)| = 22 and |D| = 3 /∈ W(2), we obtain that for any set Λ ⊆ Z2 which contains
at least two elements and for any finite subset S ⊂ Z2,EΛ and EΛ(M,S) are not orthogonal in
L2(μM,D). Also there is no subset S ⊂ Z2 such that (M−1D,S) is a compatible pair. However







, (3.3)0 2/3 −2/3
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(M−1D, S˜), we still cannot assert that E
Λ(M,S˜)





























+ k1, 13 + k
)T
: k, k1 ∈ Z, j ∈ N
}
. (3.4)













in Λ(M, S˜), we have μˆM,D(λ2 − λ1) 
= 0. This shows that EΛ(M,S˜) is not orthogonal
in L2(μM,D). In addition, one can verify that the three elements set EΛ with Λ = S˜ ⊂ R2
given by (3.3) is orthogonal in L2(μM,D) and any set of μM,D-orthogonal exponentials contains
at most three elements [13, p. 65], [2, Theorem 5.1]. Hence the above Example 1 also illustrate
that:
(i) one cannot expect that a compatible pair (M−1D,S) automatically yields an orthogonal
system EΛ(M,S) in L2(μM,D) without the condition S ⊂ Zn (or without the condition D ⊂
Zn by another similar example);
(ii) the condition Λ − Λ ⊆ Zn in Theorem 1 cannot be omitted.
4. Certain relation between orthogonality and compatible pair












The relations (2.3) and (2.5) correspond to certain point in Γm′ , where m′ = mk and m′ = m,
respectively. Note that not all such points have non-negative integer coordinates or have coordi-
nates in {0,1}.
Let m = pb11 pb22 · · ·pbrr be the standard decomposition into prime powers. For α1 =
0,1, . . . ,m/p1 − 1, we define the point Wp1,α1 = (u0, u1, . . . , um−1) by
uβ(m/p1)+α1 = 1, β = 0,1, . . . , p1 − 1; uκ = 0 if κ 
= β(m/p1) + α1. (4.1)
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lp2,α2Wp2,α2 + · · · +
m/pr−1∑
αr=0
lpr ,αrWpr ,αr , (4.2)
where lpj ,αj (αj = 0,1, . . . ,m/pj − 1, j = 1,2, . . . , r) are all integers.
In the special case when m = pa is a prime power, it follows from (4.1) and (4.2) that
a0 = apa−1 = a2pa−1 = · · · = a(p−1)pa−1 = lp,0,
a1 = apa−1+1 = a2pa−1+1 = · · · = a(p−1)pa−1+1 = lp,1,
...
apa−1−1 = a2pa−1−1 = a3pa−1−1 = · · · = apa−1 = lp,pa−1−1. (4.3)
Thus we have the following lemma.
Lemma 2. Let m = pa be a prime power. Then the coordinates of a point W = (a0, a1, . . . ,
am−1) ∈ Γm can be divided into pa−1 groups of p elements, the coordinates in each group are
equal.
In view of the difference between (2.3) and (2.5), we show that under certain conditions, the
orthogonality also implies the compatible pair.
Theorem 3. Let M ∈ Mn(Z) be an expanding integer matrix such that |det(M)| = p is
a prime and pZn 
⊆ M2(Zn). Suppose that D ⊂ Zn is a finite subset with 0 ∈ D, |D| = p and
Z[M,D] = Zn, where Z[M,D] is the smallest M-invariant sublattice of Zn that contains D.
If S is a complete residue system (mod M∗) such that EΛ(M,S) is orthogonal in L2(μM,D), then
(M−1D,S) is a compatible pair and D is a complete residue system (mod M).














≡ {0,pk−1,2pk−1, . . . , (p − 1)pk−1} (mod pk), (4.4)
where D = {0, d1, . . . , dp−1}, λ = λ1 − λ2 
= 0, λ1, λ2 ∈ Λ(M,S).
Our goal is to show that under the assumption, the existent k = k(λ) in (2.3) or (4.4) is actually
equal to one. For this purpose, we modify the techniques in [10, p. 175] to complete the proof.
Observe that for any distinct λ1, λ2 ∈ S ⊆ Λ(M,S), we have
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〈(M†)∗λ,w〉 










with d0 = 0 (4.6)
for some integers nl,j (l = 0,1, . . . , n − 1, j = 0,1, . . . , p − 1). In view of the fact that for









≡ 0 (mod p). (4.7)
This implies that for any λ = λ1 −λ2 





















which shows hdq /∈ M(Zn), hence {jdq : 0  j < p} is a complete residue system (mod M).
Thus for each w˜ ∈ Zn there exists η ∈ Zn such that
w˜ = j0dq + Mη for some 0 j0 < p. (4.9)
Also
M†dq = jdq + Mδ1 for some 0 j < p, δ1 ∈ Zn. (4.10)
The assumption pZn 
⊆ M2(Zn) or M†(Zn) 
⊆ M(Zn) guarantees that j 
= 0 in (4.10), for if






dq = jσ dq + Mδσ for δσ ∈ Zn and all σ ∈ N. (4.11)





〉= 〈M†(jσ−1dq + Mδσ−1), λ〉≡ 〈jσ−1M†dq,λ〉 (mod p) 
≡ 0 (mod p),
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= 0 with λ1, λ2 ∈ S ⊂
Λ(M,S). It follows from the compatible pair condition (2.4) that the desired conclusion holds.
This completes the proof. 
It should be pointed out that the above proof essentially yields the following interesting result.
Theorem 3′. Under the condition of Theorem 3, if S is a complete residue system (mod M∗)
such that the finite set ES is orthogonal in L2(μM,D), then (M−1D,S) is a compatible pair and
hence the infinite set EΛ(M,S) is also orthogonal in L2(μM,D).
Note that for M ∈ Mn(Z) with |det(M)| > 1 and for finite subsets D,S ⊂ Zn with |D| = |S| =
|det(M)|, it can be shown that (M−1D,S) is a compatible pair if and only if D is a complete
residue system (mod M) and S is a complete residue system (mod M∗). In the iterated function
system {φd(x)}d∈D , if D is a complete residue system (mod M),0 ∈ D and Z[M,D] = Zn,
then we call D a standard digit set (with respect to M). The extension of this definition to the
case Z[M,D] ⊆ Zn is given in [10]. The above Theorems 3 or 3′ has certain relations with the
standard digit set. So the following observations from the theory of self-affine tiles are helpful to
the study of spectral self-affine measure:
(i) Every self-affine measure μM,D coming from a standard digit set is a spectral measure;
(ii) Let T (M,D) be an integral self-affine tile. Then μM,D is a spectral measure if and only if
T (M,D) is a spectral set. More precisely, Γ is a spectrum for μM,D if and only if Γ is a
spectrum for T (M,D).
This arises a natural question:
Is the integral self-affine tile T (M,D) a spectral set?
The tile T (M,D) has many interesting properties but the spectral set forms a very restrictive
class of sets in Rn. We know that such T (M,D) tiles Rn by translations using some translation
set Λ ⊆ Zn (not necessarily a full rank lattice, see Example 4 below), and for any Λ˜ ⊆ Zn,EΛ˜ is
orthogonal in L2(T ) and L2(μM,D). If one direction of Fuglede’s spectral-set conjecture [4] that
a tile is a spectral set holds, then T (M,D) would be a spectral set with some discrete spectrum
Λ1 ⊂ Rn, and μM,D would be a spectral measure with the same spectrum Λ1. However this
direction of the so-called Fuglede’s spectral-set conjecture is also false in 5 and higher dimen-
sions [7], although the other direction of the conjecture has been first proved by Tao [18] to be
incorrect (see also [6,14]).
The above observations produce a large number of examples on the spectral self-affine mea-
sure μM,D and its lattice spectrum Γ ∗. It only depends on the fact that the integral self-affine tile
T (M,D) gives a lattice tiling of Rn with some lattice Γ . Here we give three examples, the first
two come from the standard digit set with different properties (that is, D is a complete residue
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Hence D is not a complete residue system (mod M). However

















D˜ is a complete residue system (mod M˜), Z[M˜, D˜] = Z2 and T (M,D) = B˜(T (M˜, D˜)) (see
[19, Lemma 3.1]). Since det(M˜ − λI) = λ2 + 3 is irreducible over Q, it follows from [19, The-
orem 5.3] that μL(T (M˜, D˜)) = 1, where μL denotes the Lebesgue measure. So T (M˜, D˜) tiles
R2 by Z2-translation, equivalently, T (M,D) tiles R2 by lattice B˜(Z2)-translation. Hence μM,D
is a spectral measure, and one of its spectra is B˜∗−1(Z2).
It should be pointed out that the above Example 3 is also the first example in the theory of
self-affine tiles in which |det(M)| is a prime and μL(T (M,D)) > 0 but D is not a complete
residue system (mod M), although we have many such examples in one-dimensional case (see
questions in [12, p. 1413]).
Example 4.
M = [kl] and D = {jkl2 + i: i = 0,1, . . . , l − 1, j = 0,1, . . . , k − 1},
where k and l are the given positive integers greater than 1.
It can be shown that T (M,D) = [0,1] + A with A = {0, l,2l, . . . , (k − 1)l} = l{0,1,2, . . . ,
k − 1}, D is not a standard digit set with D ≡ {0,1, . . . , l − 1} (mod M). Furthermore, we have
the following properties:
(i) μM,D is a spectral measure, equivalently, T (M,D) is a spectral set, and one of the spectra
is the periodic set Z + M−1A˜, where A˜ = {0,1,2, . . . , k − 1} or A˜ is a complete residue
system (mod k).
(ii) T (M,D) tiles R by (MZ + Θ)-translation, where Θ = {0,1,2, . . . , l − 1} or Θ is a com-
plete residue system (mod l).
(iii) In each of the following cases:
k | l, k | 2l, . . . , k | (k − 1)l (4.13)
638 J.-L. Li / Journal of Functional Analysis 244 (2007) 628–638(we use r | s to mean r divides s), there is not any lattice Γ such that T (M,D) tiles R by
lattice Γ -translation. Except these cases, T (M,D) tiles R by lattice kZ-translation.
(iv) Corresponding to (iii), if one of (4.13) holds, then there is not any lattice spectrum for
T (M,D). Except the cases in (4.13), (1/k)Z is a lattice spectrum for T (M,D) or μM,D .
The conclusion (i) follows from the fact that (M−1A˜,A) is a compatible pair. Since A + Θ
is a complete residue system (mod M), we get (ii). Finally the conclusions (iii) and (iv) follow
from the lattice tiling and lattice spectrum conditions.
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